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Explicit surjectivity of Galois representations attached to
abelian surfaces and GL2-varieties
Davide Lombardo ∗
De´partement de Mathe´matiques d’Orsay
Abstract
Let A be an absolutely simple abelian variety without (potential) complex multiplication,
defined over the number field K. Suppose that either dimA = 2 or A is of GL2-type: we give
an explicit bound ℓ0(A,K) such that, for every prime ℓ > ℓ0(A,K), the image of Gal
(
K/K
)
in Aut(Tℓ(A)) is as large as it is allowed to be by endomorphisms and polarizations.
Keywords. Abelian varieties over number fields; abelian surfaces; GL2-varieties; Galois repre-
sentations; isogeny theorem; Mumford-Tate conjecture.
1 Introduction
The purpose of this work is the study of Galois representations attached to abelian varieties over
number fields, with a particular focus on the case of abelian surfaces. Throughout the paper, the
letters K and A will respectively denote a number field and an abelian variety defined over K,
and the letter ℓ will be reserved for prime numbers. Along with abelian surfaces, we also consider
abelian varieties of GL2-type, which we define as follows:
Definition 1.1 (cf. [Rib76]) An abelian variety A/K is said to be of GL2-type if its endomorphism
algebra EndK(A)⊗Q is a totally real number field E such that [E : Q] = dimA.
The representations we examine are those given by the natural action of Gal
(
K/K
)
on the
various Tate modules of A (denoted by Tℓ(A)), and the problem we study is that of describing the
image Gℓ∞ of Gal
(
K/K
)
in Aut (Tℓ(A)). In a sense to be made precise shortly, we aim to show
that this image is as large as it is permitted by some ‘obvious’ constraints, as soon as ℓ exceeds a
certain bound ℓ0(A,K) that we explicitly compute in terms of arithmetical invariants of K and of
the semistable Faltings height of A (which we denote h(A), and for which we use Faltings’ original
normalization: see [GR14b, §2.3]).
For the abelian varieties we consider – surfaces and GL2-type – this fact, in its qualitative
form, has been known since the work of Serre [Ser86] and Ribet [Rib76]: the novelty of the result
we present here lies in its being completely explicit. Indeed, to the best of the author’s knowledge,
before the present work the only paper dealing with the problem of effective surjectivity results for
abelian surfaces was [Kaw03], that only covered the case EndK(A) = Z (and was not completely
explicit). Unfortunately, the argument of [Kaw03] seems to contain a gap, for in his case analysis
the author does not include the subgroup of GSp4(Fℓ) arising from the unique 4-dimensional
symplectic representation of SL2 (case 4 in theorem 3.3): this is essentially the hardest case, and
dealing with it requires nontrivial results of Raynaud on the structure of the action of inertia.
Before stating our main result let us elaborate a little on the ‘obvious’ conditions that are
imposed on Gℓ∞ . The choice of any K-polarization on A equips the Tate modules Tℓ(A) with
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a bilinear form, the Weil pairing 〈·, ·〉, compatible with the Galois action: this forces Gℓ∞ to be
contained in the group of similitudes with respect to the bilinear form 〈·, ·〉. Furthermore, the
action of Gal
(
K/K
)
is also compatible with the natural action of EndK(A) on Tℓ(A), which in
turn implies that Gℓ∞ is contained in the centralizer of EndK(A) inside Aut(Tℓ(A)).
This second condition leads naturally to classifying abelian surfaces according to the structure
of EndK(A). A study of those rings that appear as endomorphism rings of abelian surfaces (a
particular case of the so-called Albert classification, cf. for example [Mum70, p. 203]) leads to the
conclusion that only five cases can arise:
1. Type I, trivial endomorphisms: A is absolutely simple and EndK(A) = Z;
2. Type I, real multiplication: A is absolutely simple and EndK(A) is an order in a real
quadratic field (so A is in particular a GL2-variety);
3. Type II, quaternionic multiplication: A is absolutely simple and EndK(A) is an order in a
quaternion division algebra over Q;
4. Type IV, complex multiplication: A is absolutely simple and admits complex multiplication
by a quartic CM field;
5. Non-simple case: AK is isogenous to the product of two elliptic curves.
We focus here on the first three possibilities; the case of complex multiplication (in arbitrary
dimension) is treated in [Lom15b], and that of a product of an arbitrary number of elliptic curves
without complex multiplication is studied in [Lom15a]. It should be possible to combine these
results to treat any finite product of elliptic curves (in which some factors admit CM and others
do not); this would in particular cover case (5) above.
1.1 Notation and statement of the result
We are interested in the Galois representations attached to A: the natural action of Gal
(
K/K
)
on the Tate modules Tℓ(A) gives rise to a family of representations
ρℓ∞ : Gal
(
K/K
)→ GL(Tℓ(A))
which will be our main object of study. We will also need to consider the residual mod-ℓ represen-
tations, which we similarly denote by ρℓ : Gal
(
K/K
)→ GL(A[ℓ]); we shall write Gℓ∞ (resp. Gℓ)
for the image of ρℓ∞ (resp. ρℓ). Most of our estimates will be given in terms of the following
function:
Definition 1.2 Let α(g) = 210g3 and define b(d, g, h) =
(
(14g)64g
2
dmax (h, log d, 1)2
)α(g)
. If K
is a number field and A is an abelian variety over K, we shall use the shorthand b(A/K) to denote
b([K : Q], dimA, h(A)).
We are now ready to state our main results.
Theorem 1.3 Let A/K be an abelian surface with EndK(A) = Z. The equality Gℓ∞ = GSp4(Zℓ)
holds for every prime ℓ that satisfies the following three conditions:
• ℓ > b(2[K : Q], 4, 2h(A))1/4;
• there exists a place of K of characteristic ℓ at which A has semistable reduction;
• ℓ is unramified in K.
For the case of real multiplication we treat the more general situation of abelian varieties of
GL2-type:
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Theorem 1.4 Let A/K be an abelian variety of dimension g. Suppose that EndK(A) is an
order in a totally real field E of degree g over Q (that is, A is of GL2-type), and that all the
endomorphisms of A are defined over K. Let ℓ be a prime unramified both in K and in E and
strictly larger than max
{
b(A/K)g, b(2[K : Q], 2 dim(A), 2h(A))1/2
}
: then we have
Gℓ∞ =
{
x ∈ GL2 (OE ⊗ Zℓ)
∣∣ detOE x ∈ Z×ℓ } .
The case of abelian surfaces with real multiplication then follows as an immediate consequence:
Corollary 1.5 Suppose that R = EndK(A) is an order in a real quadratic field E and that all the
endomorphisms of A are defined over K. Let ℓ be a prime unramified both in K and in E and
strictly larger than b(2[K : Q], 4, 2h(A))1/2: then we have
Gℓ∞ =
{
x ∈ GL2 (OE ⊗ Zℓ)
∣∣ detOE x ∈ Z×ℓ } .
Remark 1.6 When A is a surface, the group Hℓ∞ :=
{
x ∈ GL2 (OE ⊗ Zℓ)
∣∣ detOE x ∈ Z×ℓ } ap-
pearing in this statement admits the following concrete description. When ℓ is split in E, the ring
OE ⊗ Zℓ is isomorphic to Zℓ ⊕ Zℓ, and we have Hℓ∞ =
{
(h1, h2) ∈ GL2(Zℓ)2
∣∣ det h1 = deth2}.
If, on the other hand, ℓ is inert in E, then OE ⊗ Zℓ is a domain that contains a canonical copy
of Zℓ (namely Z⊗ Zℓ), and we have Hℓ∞ =
{
x ∈ GL2(OE ⊗ Zℓ)
∣∣ detx ∈ Z×ℓ }, where now det is
the usual determinant (since OE ⊗ Zℓ is a domain). More generally, if A is of dimension g and
ℓ is unramified in E, then Hℓ∞ =

(xλ) ∈
∏
λ|ℓ
GL2(Oλ)
∣∣ detxλ1 = detxλ2 ∈ Z×ℓ ∀λ1, λ2 | ℓ

 ,
where the product is over the places of E dividing ℓ.
Finally, we come to the case of quaternionic multiplication:
Theorem 1.7 Let A/K be an abelian surface such that R = EndK(A) is an order in an indefinite
quaternion division algebra over Q, and let ∆ be the discriminant of R. Suppose that all the
endomorphisms of A are defined over K. If ℓ is larger than b(2[K : Q], 4, 2h(A))1/2, does not
divide ∆, and is unramified in K, then the equality Gℓ∞ = (R⊗ Zℓ)× holds.
Remark 1.8 Note that in the case of real and quaternionic multiplication we demand that the
endomorphisms of A be defined over K, but this is not a severe restriction. Indeed, this condition
can be achieved by passing to a finite extension K ′ of K, and when A is a surface it is known that
K ′/K can be taken to be of degree at most 2 for the case of real multiplication ([Sil92, Proposition
4.3]), and at most 12 for the quaternionic case ([DR04, Prop. 2.1]); more complicated (but still
explicit) bounds on the degree K ′/K are also available in case A is of GL2-type, cf. again [Sil92].
ReplacingK with K ′ corresponds to killing the group of connected components of Gℓ∞ , that is,
it ensures that the image of Galois is connected. Analogous results (with slightly different bounds)
could be stated without this assumption, at the cost of replacing Gℓ∞ by its identity component
in the conclusion.
Before proceeding with the proof of the three main statements a few more comments are in
order. Consider the hypothesis that there is a place of K of characteristic ℓ at which A has
semistable reduction (this assumption appears in the statement of theorem 1.3). Without any
assumption on A, this condition cannot be turned into an inequality only involving h(A): indeed,
the set of primes of unstable reduction of A/K is certainly not invariant under extensions of scalars,
so it cannot be controlled just in terms of the stable Faltings height; this is really an arithmetical
condition that is hard to avoid. On the plus side, the primes which fail to meet this restriction
are often easy to determine in practice, especially when A is explicitly given as the Jacobian of a
genus 2 curve.
Also note that in many intermediate lemmas we give estimates in terms of the best possible
isogeny bound (cf. section 2.2), thus avoiding to use the specific form of the function b(A/K).
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However, in order to make the final results more readable, we have chosen to express them in a
form that only involves the function b; this also has the merit of giving completely explicit bounds.
Let us also briefly review previous work in the area. As already mentioned, Serre [Ser86] proved
that for a large class of abelian varieties (that includes surfaces with EndK(A) = Z) there exists
a number ℓ1(A,K) such that Gℓ∞ = GSp2 dimA(Zℓ) for every ℓ larger than ℓ1(A,K); his result,
however, is not effective, in the sense that the proof does not give any bound on ℓ1(A,K). Similarly,
Ribet proved in [Rib76] an open image result for abelian varieties of GL2-type that includes
surfaces with real multiplication as a particular case, but that is again non-effective. The case of
quaternionic multiplication was treated independently in [Oht74] and in [Jac74] by extending the
techniques Serre used to prove his celebrated open image theorem for elliptic curves in [Ser72], but
once again these results were not effective. Dieulefait [Die02] considers abelian surfaces A/Q that
satisfy EndQ(A) = Z, and gives sufficient conditions for the equality Gℓ∞ = GSp4(Zℓ) to hold for
a fixed prime ℓ; the form of these conditions, however, is again such that they do not yield a bound
for the largest prime for which the equality Gℓ = GSp4(Zℓ) fails to hold. The treatment we give of
case 4 of theorem 3.3, however, has been inspired by Dieulefait’s paper. Finally, notice that [Die02,
Theorem 5.8] gives an explicit example of a 2-dimensional Jacobian over Q for which the equality
Gℓ∞ = GSp4(Zℓ) holds for every prime ℓ ≥ 3 (the result was conditional on Serre’s modularity
conjecture, which has subsequently been proved by Khare and Wintenberger, cf. [KW09a] and
[KW09b]). This result is best possible, in the sense that there exists no principally polarized
abelian surface over Q for which G2∞ = GSp4(Z2), cf. [Zyw15, Proposition 2.5].
It is tempting to conjecture that bounds ℓ0(A,K) as above can be taken to be independent of
A (albeit obviously not of K), but very little is known in this direction: the analogous question for
elliptic curves, often called “Serre’s uniformity problem”, is still open even forK = Q. We do know,
however, that such bounds must necessarily depend on the dimension of A: for example, Theorem
1.4 of [GP12] shows that for infinitely many primes p there exists a Q-abelian variety Ap of GL2-
type whose associated ρp is not surjective and whose dimension satisfies dimAp ≤ (p− 5)(p− 7)
24
;
in particular, a uniform bound for ℓ0(A,Q), if it exists, must grow at least as fast as
√
dimA.
To conclude this introduction let us give a brief overview of the organisation of the paper and
of the proof methods. Theorems 1.3, 1.4, and 1.7 will be shown in sections 3, 4, and 5 respectively.
The main input for the proof in the case of trivial endomorphism ring comes from group theory,
complemented by an application of some nontrivial results of Raynaud. After reducing the problem
to that of showing the equality Gℓ = GSp4(Fℓ) for ℓ large enough, we recall the classification of the
maximal proper subgroups of GSp4(Fℓ) and proceed to show that each of them cannot occur as the
image of the Galois representation on A[ℓ], at least for ℓ large enough. In most cases, this follows
from the so-called isogeny theorem of Masser and Wu¨stholz [MW93c] [MW93b] (theorem 2.2
below): in many circumstances, if Gℓ is not maximal, then the Galois module A[ℓ] (or A[ℓ]×A[ℓ])
is nonsimple, a fact that gives rise to minimal isogenies of high degree, eventually contradicting
the isogeny theorem for ℓ large enough. In some exceptional cases, however, the representations
A[ℓ] and A[ℓ]×A[ℓ] can be irreducible even if Gℓ is comparatively very small, and it is to exclude
this possibility that we need to invoke Raynaud’s results. These same results of Raynaud also lead
to the following lower bound on the order of PGℓ (the projective image of Gℓ), which might have
some independent interest:
Proposition 1.9 (Proposition 3.16) Let A/K be any abelian variety of dimension g. Let ℓ be a
prime such that there is a place of K of residual characteristic ℓ at which A has either good or bad
semistable reduction. If ℓ is unramified in K and not less than g + 2, then |PGℓ| ≥ ℓ− 1.
For the case of real multiplication our method is quite different from the one of [Rib76]: by
appealing to group theory more than it is done in [Rib76], we can completely avoid the use of
Chebotarev’s theorem, which would be the main obstacle in making Ribet’s method effective. We
show again that if Gℓ is smaller than it could conceivably be (given the restrictions imposed by
the Weil pairing and by the action of EndK(A)), then A admits minimal isogenies of high degree:
combined with the isogeny theorem, this gives the desired result.
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As for the case of quaternionic multiplication, there is a general philosophy suggesting that
– at the level of Galois representations – an abelian variety of dimension 2g with quaternionic
multiplication by an algebra with center L should behave as an abelian variety of dimension g
admitting multiplication by L, and indeed the case of section 5 turns out to be the easiest, the
argument being very similar to that for elliptic curves without complex multiplication. More
precisely, the Tate module decomposes as two copies of a 2-dimensional Galois representation, and
we can apply techniques that are an essentially straightforward generalisation of those employed
to show analogous results for elliptic curves, and that go back to Serre [Ser72] (cf. also [MW93a]).
Finally, in appendix A we show how to bound the index of EndK(A) in any order in which it
is contained, a result that is needed in the course of the proof of theorems 1.4 and 1.7.
2 Preliminaries
We collect in this section a number of results that are essentially well-known and that will form
the basis for all our further discussion. Specifically, we recall a few fundamental properties of
Galois representations attached to abelian varieties and an explicit form (due to Gaudron and
Re´mond) of the so-called Isogeny Theorem, first proved by Masser and Wu¨stholz in a seminal
series of papers, cf. especially [MW93c] and [MW93b].
2.1 Weil pairing, the multiplier of the Galois action
We fix once and for all a minimal K-polarization of A. This choice equips the Tate module Tℓ(A)
with the Weil pairing, a skew-symmetric, Galois-equivariant form
〈·, ·〉 : Tℓ(A)× Tℓ(A)→ Zℓ(1),
where Zℓ(1) is the 1-dimensional Galois module the action on which is given by the cyclotomic
character χℓ : Gal
(
K/K
)→ Z×ℓ . The Weil pairing is known to be nondegenerate on A[ℓ] as long
as ℓ does not divide the degree of the given polarization. We know by [GR14a, The´ore`me 1.1]
that the degree of a minimal K-polarization on A is at most b(A/K): since all the bounds given
in the main theorems are strictly larger than this number, we can restrict ourselves to primes
that do not divide the degree of our fixed polarization, and for which the Weil pairing is therefore
nondegenerate. From now on, therefore, we assume that the choice of a minimal polarization has
been made:
Convention. We assume implicitly that a minimal K-polarization of A has been chosen. We only
consider primes ℓ larger than b(A/K), so the Weil pairing induced on A[ℓ] by this polarization is
nondegenerate.
The fact that 〈·, ·〉 is Galois-equivariant means that Gℓ∞ is a subgroup of GSp(Tℓ(A), 〈·, ·〉),
the group of symplectic similitudes of Tℓ(A) with respect to the Weil pairing, which we will also
simply denote GSp(Tℓ(A)). Choosing a Zℓ-basis of Tℓ(A) we can then consider Gℓ∞ (resp. Gℓ) as
being a subgroup of GSp4(Zℓ) (resp. GSp4(Fℓ)).
Our interest in the Weil pairing stems from its relationship with the determinant (or, more
precisely, the multiplier) of the Galois action. Let us describe the connection. Recall that if
〈·, ·〉 is a skew-symmetric form, the multiplier of a symplectic similitude B is the only scalar
ν(B) such that 〈Bv,Bw〉 = ν(B)〈v, w〉 for every v, w. The association B 7→ ν(B) is then a
homomorphism, whose kernel is the group Sp(〈·, ·〉) of symplectic isometries. In the case at hand,
the Galois-equivariance of the Weil pairing implies that the composition
Gal
(
K/K
) ρℓ∞−−−→ GSp (Tℓ(A)) ν−→ Z×ℓ
coincides with the cyclotomic character χℓ : Gal
(
K/K
) → Z×ℓ , and it follows that Gℓ∞ is all of
GSp(Tℓ(A)) if and only if it contains Sp(Tℓ(A)) and Gal
(
K/K
) χℓ−→ Z×ℓ is surjective. This latter
condition is very easy to check:
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Lemma 2.1 Suppose ℓ does not ramify in K: then Gal
(
K/K
) χℓ−→ Z×ℓ is surjective. In particular,
if Gℓ (resp. Gℓ∞) contains Sp(A[ℓ]) (resp. Sp(Tℓ(A))) and ℓ does not divide the discriminant of
K, the equality Gℓ = GSp(A[ℓ]) (resp. Gℓ∞ = GSp(Tℓ(A))) holds.
Proof. The claim is equivalent to the fact that the equality [K(µℓn) : K] = ϕ(ℓ
n) holds for all
n ≥ 1. In particular it suffices to show that K and Q(µℓn) are linearly disjoint over Q, and since
Q(µℓn)/Q is Galois it suffices to show that they intersect trivially. Set L := K ∩ Q(µℓn). Now
on one hand ℓ is unramified in K, so it is a fortiori unramified in L; on the other hand, every
prime different from ℓ is unramified in Q(µℓn), so it is also unramified in L: it follows that L is
unramified everywhere, that is, L = Q as claimed. The second statement is immediate.
2.2 The isogeny theorem
For future reference we introduce here the main tool that will make all the explicit estimates
possible. The crucial result is the isogeny theorem of Masser and Wu¨stholz [MW93c] [MW93b],
in the following completely explicit form proved by Gaudron and Re´mond :
Theorem 2.2 (Isogeny Theorem, [GR14a, Theorem 1.4]) Let b(A/K) be as in definition 1.2.
For every K-abelian variety A and for every K-abelian variety A∗ that is K-isogenous to A, there
exists a K-isogeny A∗ → A whose degree is bounded by b(A/K).
It is very likely that the function b(A/K) of definition 1.2 is not the best possible one. Let us
then introduce another function b0(A/K), which is by definition the best possible isogeny bound:
Definition 2.3 For A/K an abelian variety, let b0(A/K) be the smallest natural number such
that, for every abelian variety A∗/K that is K-isogenous to A, there exists a K-isogeny A∗ → A
of degree at most b0(A/K). Also let b0(A/K; d) = max[K′:K]≤d b0(A/K
′), where the maximum is
taken over the extensions of K of degree at most d.
It is clear that the isogeny theorem implies that b0(A/K) and b0(A/K; d) are finite, and that
b0(A/K; d) ≤ b(d[K : Q], dimA, h(A)). Whenever possible, we will state our results in terms of
b0 instead of b: in some situations, however, in order to avoid cumbersome expressions involving
maxima we simply give bounds in terms of the function b.
2.3 Serre’s lifting lemma
We conclude this section of preliminaries with a well-known lemma of Serre:
Lemma 2.4 Let n be a positive integer, ℓ ≥ 5 be a prime, and H be a closed subgroup of Sp2n(Zℓ)
whose projection modulo ℓ contains Sp2n(Fℓ): then H = Sp2n(Zℓ). Likewise, let G be a closed
subgroup of GSp2n(Zℓ) whose projection modulo ℓ contains Sp2n(Fℓ): then G
′ = Sp2n(Zℓ).
Proof. The first statement is [Ser00, Lemme 1 on p. 52]. The second part follows from applying
the first to G = H ′: indeed, the image modulo ℓ of H ′ contains the derived subgroup of Sp2n(Fℓ),
which (since ℓ ≥ 5) is again Sp2n(Fℓ), and the claim follows.
3 Type I – Trivial endomorphisms
In this section we prove theorem 1.3, that is, we establish an explicit surjectivity result under
the assumption that A/K is an abelian surface with EndK(A) = Z. The material is organized as
follows. In the first paragraph we recall classical results on the maximal subgroups of GSp4(Fℓ);
notice that – thanks to lemmas 2.1 and 2.4 – showing theorem 1.3 essentially amounts to proving
that Gℓ is not contained in any maximal proper subgroup of GSp4(Fℓ). In the second paragraph
we collect information about the action of inertia that allows us to conclude that some exceptional
subgroups of GSp4(Fℓ) cannot arise as images of Galois representations. Theorem 1.3 then follows
easily, as shown in the last paragraph.
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3.1 Group theory for GSp
4
(Fℓ)
We start by recalling the classification of the maximal subgroups of GSp4(Fℓ). The result was
first proved by Mitchell in [Mit14] (see also King’s article in [Web05] for a more modern account
of the result), but we shall instead follow the approach of Aschbacher, who, in [Asc84], proved a
general classification result for the maximal subgroups of the finite classical matrix groups. These
maximal subgroups are classified into two categories: “geometric” subgroups, in turn subdivided
into 8 classes C1, . . . , C8, and “exceptional” (or “class S”) subgroups. Among the geometric classes
introduced by Aschbacher we will only need to deal with C1, C2 and C3:
Definition 3.1 A subgroup G of GSp4(Fℓ) is said to be of class
• C1, if it stabilizes a (totally singular or non-singular) subspace;
• C2, if there exist 2-dimensional subspaces V1, V2 of F4ℓ such that F4ℓ ∼= V1 ⊕ V2, and
G =
{
A ∈ GSp4(Fℓ)
∣∣ ∃σ ∈ S2 s.t. AVi ⊆ Vσ(i) for i = 1, 2} ,
where S2 is the group of permutations of the two indices 1, 2.
• C3, if there exists a Fℓ2-structure on F4ℓ such that
G =
{
A ∈ GSp4(Fℓ)
∣∣ ∃σ ∈ Gal (Fℓ2/Fℓ) : ∀λ ∈ Fℓ2 , ∀v ∈ F4ℓ A(λ ∗ v) = σ(λ) ∗Av} ,
where we denote by ∗ the multiplication map Fℓ2 × F4ℓ → F4ℓ . In this case, the set{
A ∈ GSp4(Fℓ)
∣∣ ∀λ ∈ Fℓ2 , ∀v ∈ F4ℓ A(λ ∗ v) = λ ∗Av}
is a subgroup of G of index 2 which acts Fℓ2-linearly on F
4
ℓ (for the Fℓ2-structure ∗).
For completeness, we also include a precise definition of the exceptional class S (for more
details cf. [BHRD13, Definition 2.1.3]):
Definition 3.2 A subgroup H of GSp4(Fℓ) is said to be of class S if and only if all of the following
hold:
1. PH is almost simple;
2. H does not contain Sp4(Fℓ);
3. H∞ :=
⋂
i≥1H
(i) acts absolutely irreducibly on F4ℓ .
A complete list of maximal subgroups of GSp4(Fℓ) can be read off [BHRD13, Tables 8.13 and
8.14]:
Theorem 3.3 Let ℓ > 7 be a prime number. Let G be a maximal proper subgroup of GSp4(Fℓ)
not containing Sp4(Fℓ). One of the following holds:
1. G is of class C1;
2. G is of class C2;
3. G is of class C3;
4. G is of class S, and is isomorphic to GL2(Fℓ);
5. the projective image PG of G has order at most 3840.
Being of class S in Aschbacher’s classification, maximal subgroups of type (4) do not fit in a
general geometric picture, but they can still be described in considerable detail. The following
lemma follows immediately from the arguments of [BHRD13, §5.3]:
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Lemma 3.4 Let ℓ > 7 be a prime and G be a maximal subgroup of GSp4(Fℓ) of type (4) in the
above list. For every g ∈ G, the eigenvalues of g can be written as λ31, λ21λ2, λ1λ22, λ32, where λ1
and λ2 are the roots of a second-degree polynomial with coefficients in Fℓ.
Proof. In the notation of [BHRD13, §5.3], as a representation of GL2(Fℓ) the module A[ℓ] is
isomorphic to V4, the 3
rd exterior power of the standard representation of GL2(Fℓ) (cf. [BHRD13,
Proposition 5.3.6]). Let
σ4 : GL2(Fℓ)→ GSp4(Fℓ) →֒ GL(V4)
be the morphism giving V4 its structure of GL2(Fℓ)-module: then for every γ ∈ GL2(Fℓ) the
eigenvalues of σ4(γ) are λ
3
1, λ
2
1λ2, λ1λ
2
2, λ
3
2, where λ1, λ2 are the eigenvalues of γ.
Remark 3.5 The condition ℓ > 7 ensures the existence of maximal subgroups of this shape,
cf. [BHRD13, Table 8.13].
Remark 3.6 Maximal subgroups of type (4) can be interpreted in terms of morphisms of alge-
braic groups: the unique irreducible 4-dimensional representation of the algebraic group SL2 is
symplectic, so it gives rise to an embedding SL2 →֒ Sp4 with weights −3,−1, 1, 3. This repre-
sentation extends to a representation GL2 → GSp4, and subgroups of type (4) correspond to the
Fℓ-points of the image of this representation.
3.2 The action of inertia
For the whole section λ is a fixed place of OK at which A has semistable reduction. We write ℓ
for the rational prime below λ and e for the absolute ramification index of λ. We also let I be
the inertia group at λ and It be the corresponding tame inertia group, that is, the quotient of I
by its maximal pro-ℓ subgroup. The action of I on A[ℓ] is described by the following celebrated
result of Raynaud:
Theorem 3.7 ([Ray74, Corollaire 3.4.4]) Let V be a simple Jordan-Ho¨lder quotient of A[ℓ] (as a
module over I). Suppose that V has dimension n over Fℓ. The action of I on A[ℓ] factors through
It. Moreover, there exist integers e1, . . . , en such that:
• V has a structure of Fℓn-vector space
• the action of It on V is given by a character ψ : It → F×ℓn
• ψ = ϕe11 . . . ϕenn , where ϕ1, . . . , ϕn are the fundamental characters of It of level n
• for every i = 1, . . . , n the inequality 0 ≤ ei ≤ e holds
Remark 3.8 Raynaud’s theorem is usually stated for places of good reduction. However, as it
was shown in [LV14, Lemma 4.9], the extension to the semistable case follows easily upon applying
results of Grothendieck [Gro].
In this section we only consider A[ℓ] as a It-module; in particular, by a Jordan-Ho¨lder quotient
of A[ℓ] we implicitly mean “under the action of It”. Notice that, in view of Raynaud’s theorem, the
map ρℓ : Gal
(
K/K
) → AutA[ℓ] induces a map It → AutA[ℓ], which for simplicity of notation
we still denote ρℓ. Recall furthermore that the norm, taken from Fℓn to Fℓ, of a fundamental
character of level n is the unique fundamental character of level 1; when ℓ is unramified in K, this
fundamental character of level 1 is χℓ, the cyclotomic character mod ℓ.
Recall the following fact (a consequence of the definition of the fundamental characters):
Lemma 3.9 If ϕ : It → F×ℓn is any fundamental character of level n, then ϕ is surjective, hence
in particular its image is a cyclic group of order ℓn − 1.
Lemma 3.10 Let W be a simple Jordan-Ho¨lder quotient of A[ℓ] of dimension n and let ψ be the
associated character It → F×ℓn. The image of ψ is not contained in F×ℓk for any k
∣∣ n, k < n.
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Proof. Suppose by contradiction that the image of ψ is contained in F×
ℓk
for a certain k ≥ 1, and
let σ be a generator of Gal (Fℓk/Fℓ). Since the action of I
t on W can be diagonalized over Fℓk , we
can find a vector v ∈W ⊗Fℓ Fℓk that is a common eigenvector for the action of It. The Fℓk -vector
subspace of W ⊗Fℓ Fℓk spanned by v, σv, . . . , σk−1v is by construction σ-stable, hence it descends
to a Fℓ-subspace W
′ of W , and it is clear by construction that W ′ is also stable under the action
of It. As W is irreducible and W ′ is nontrivial we must have W ′ =W , and since dimW ′ ≤ k we
have n = dimW ≤ k, contradiction.
Lemma 3.11 Let ℓ > 7, and suppose Gℓ is contained in a maximal subgroup of type (4) in the
sense of theorem 3.3. Then every simple Jordan-Ho¨lder quotient W of A[ℓ] has dimension at most
2.
Proof. The hypothesis and lemma 3.4 imply that all the eigenvalues of every element of Gℓ lie in
Fℓ2 , hence in particular the same is true for the eigenvalues of the action of I
t. It follows that the
image of the character ψ associated with W is entirely contained in Fℓ2 , and lemma 3.10 shows
that W is of dimension at most 2.
Corollary 3.12 Suppose ℓ > 7 is unramified in K and Gℓ is contained in a maximal subgroup of
type (4) in the sense of theorem 3.3. Let W be an n-dimensional Jordan-Ho¨lder quotient of A[ℓ].
The following are the only possibilities:
• n = 1 and It acts trivially on W ;
• n = 1 and It acts on W through χℓ;
• n = 2 and It acts on W through a fundamental character of level 2.
Proof. Lemma 3.11 implies n ≤ 2, and theorem 3.7 classifies all simple Jordan-Ho¨lder quotients
of dimension at most 2 (notice that ℓ is unramified, so e = 1).
From now on we suppose that ℓ > 7 is unramified in K and that Gℓ is contained in a maximal
subgroup of type (4) in the sense of theorem 3.3. We fix a Jordan-Ho¨lder filtration of the It-module
A[ℓ], and we denote by W1, . . . ,Wk the simple subquotients of the filtration.
Furthermore, we let m0,m1,m2 be the number of Wi on which the action of I
t is respec-
tively trivial, given by χℓ, or given by a fundamental character of level 2. Clearly, by comparing
dimensions, we must have
m0 +m1 + 2m2 = dimFℓ A[ℓ] = 4. (3.1)
Considering the determinant of the Galois action gives a second numerical relation:
Lemma 3.13 We have m1 +m2 = 2.
Proof. Let W be a simple Jordan-Ho¨lder subquotient W of A[ℓ]. The determinant of the action
of g ∈ It on W is either 1 (if the action is trivial) or χℓ(g) (if the action is given by χℓ or by
a fundamental character of level 2). On the other hand, the determinant of the Galois action of
g ∈ It on A[ℓ] is χℓ(g)2 by the properties of the Weil pairing, so we must have∏
Wi
det (ρℓ(g) :Wi →Wi) = χℓ(g)2 ∀g ∈ It,
or in another words χm1+m2−2ℓ (g) = 1 for all g ∈ It. Since χℓ(It) is a cyclic group of order ℓ− 1,
this implies ℓ − 1 ∣∣ m1 + m2 − 2, and since |m1 + m2 − 2| ≤ 2 < ℓ − 1 we must in fact have
m1 +m2 − 2 = 0, as claimed.
Corollary 3.14 Suppose ℓ > 7 is unramified in K and Gℓ is contained in a maximal subgroup of
type (4) in the sense of theorem 3.3. For every g ∈ It the multiset of eigenvalues of ρℓ(g) is one
of the following, where we denote by ϕ1 and ϕ2 = ϕ
ℓ
1 the two fundamental characters of level 2:
1. {χℓ(g), χℓ(g), 1, 1}
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2. {ϕ1(g), ϕ2(g), χℓ(g), 1}
3. {ϕ1(g), ϕ2(g), ϕ1(g), ϕ2(g)}
Proof. The multiset of eigenvalues of ρℓ(g) is the union of the multisets of values taken by
the characters that give the action of g on the simple Jordan-Ho¨lder factors Wi. In turn, these
characters and their multiplicities are determined by the three numbers m0,m1,m2, which by
equation (3.1) and the previous lemma satisfy m1 = m0 and m2 = 2−m0. The three cases in the
statement correspond to the three possibilities m0 = 0, m0 = 1, and m0 = 2.
We can now show that groups of type (4) do not arise as images of Galois representations (at
least when ℓ > 7 is unramified in K):
Proposition 3.15 Let ℓ > 7 be a prime unramified in K. Suppose there is a place λ of K of
characteristic ℓ at which A has semistable reduction: then Gℓ is not contained in a group of type
(4) in the sense of theorem 3.3.
Proof. Suppose on the contrary that Gℓ is contained in a group of type (4). By lemma 3.4, for
any g ∈ Gal (K/K) the eigenvalues of ρℓ(g) are of the form {a3, a2d, ad2, d3} for certain a, d ∈ F×ℓ2 .
This applies in particular to the tame inertia group It: for every g in It, the eigenvalues of ρℓ(g)
lie in F×ℓ2 , and – taken in some order λ1, λ2, λ3, λ4 – they satisfy the system of equations
λ1λ4 = λ2λ3, λ2λ4 = λ
2
3, λ1λ3 = λ
2
2. (3.2)
We now go through the cases listed in corollary 3.14 and see that (for a suitably chosen g ∈ It)
there is no way to renumber the multiset of eigenvalues of ρℓ(g) in such a way that the three
equations above are all satisfied together, a contradiction that shows the result. Consider case 1.
By lemma 3.9, the condition ℓ > 7 implies that the order of χℓ(I
t) is at least 10, so there exists a
g ∈ It with χℓ(g) 6= ±1. Consider equations (3.2) for this specific g. If either λ2 or λ3 is 1, then
one of the last two equations reads χℓ(g)
d = 1 with d = 1 or 2, which contradicts χℓ(g) 6= 1,−1.
But if neither λ2 nor λ3 is 1 then the only possibility is λ1 = λ4 = 1, λ2 = λ3 = χℓ(g), for
which none of the three equations is satisfied. Likewise, in case 3 we can choose a g ∈ It such that
ϕ
(2)
1 (g) is of order ℓ
2−1, and – independently of the numbering of the eigenvalues – from equations
(3.2) we obtain
(
ϕ
(2)
1 (g)
)2
=
(
ϕ
(2)
2 (g)
)2
, which using ϕ
(2)
2 =
(
ϕ
(2)
1
)ℓ
implies
(
ϕ
(2)
1 (g)
)2(ℓ−1)
= 1,
a contradiction. Finally, if we are in case 2, then taking the norm from Fℓ2 to Fℓ of the three
equations (3.2) we find that for all g ∈ It there exists a positive integer d ≤ 3 such that χℓ(g)d = 1,
which again contradicts the fact that χℓ(I
t) has order at least 10.
Considering the action of inertia also allows us to exclude groups of type (5) in the list of
theorem 3.3. The following proposition (which applies to abelian varieties of arbitrary dimension
and with arbitrary endomorphism ring) gives a linear lower bound on the order of PGℓ:
Proposition 3.16 Let A/K be any abelian variety of dimension g. Let ℓ be a prime such that
there is a place λ of K of residual characteristic ℓ at which A has either good or bad semistable
reduction. If ℓ is unramified in K and not less than g + 2, then |PGℓ| ≥ ℓ− 1.
Proof. We let again W1, . . . ,Wk be the simple Jordan-Ho¨lder subquotients of A[ℓ] under the
action of the tame inertia group at λ (denote It), and we write ψi (i = 1, . . . , k) for the character
giving the action of It on Wi. Let N be the order of |PGℓ|, and notice that for every y ∈ Gℓ the
projective image of yN is trivial, that is, yN is a multiple of the identity, and in particular has
a unique eigenvalue of multiplicity 2g. Since for x ∈ It the eigenvalues of ρℓ(x) are given by the
Galois conjugates of the various ψi(x), this implies that for all i, j = 1, . . . , k, for all integers t ≥ 0,
and for all x ∈ It we have
ψi(x)
ℓtN = ψj(x)
N . (3.3)
We now distinguish three cases:
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1. At least one of the Wi’s is of dimension ≥ 2: without loss of generality, we can assume
that n := dimW1 is at least 2. Let ψ be the associated character. By Raynaud’s theorem,
there are integers e0, . . . , en−1 ∈ {0, 1} such that ψ = ϕ
∑n−1
i=0
eiℓ
i
, where ϕ is a fundamental
character of level n. Note that we cannot have ei = 1 for all i = 0, . . . , n− 1, for otherwise
we would have ψ = χℓ, which contradicts the fact that W1 is of dimension n > 1 (lemma
3.10). In particular, since for all integers t ≥ 0 the character ϕℓt is a Galois conjugate of ϕ,
replacing ϕ with ϕℓ
t
for a suitable t we can assume that en−1 = 0 (notice that replacing ϕ
with ϕℓ has the effect of permuting cyclically the integers ei, at least one of which is zero).
Now ϕ has exact order ℓn − 1, so ψ = ϕ
∑n−1
i=0
eiℓ
i
has order at least
ℓn − 1∑n−1
i=0 eiℓ
i
≥ ℓ
n − 1∑n−2
i=0 ℓ
i
=
(ℓn − 1)(ℓ − 1)
(ℓn−1 − 1) ≥ ℓ(ℓ− 1),
that is to say, there is an x ∈ It such that ψ(x) has order at least ℓ(ℓ − 1). Consider now
equation (3.3) for this specific x, for ψi = ψj = ψ and for t = 1: it gives ψ(x)
(ℓ−1)·N = 1, so
ψ(x) has order at most (ℓ−1) ·N . Thus we obtain (ℓ−1) ·N ≥ ℓ(ℓ−1), that is N ≥ ℓ > ℓ−1
as claimed.
2. All the Wi’s are of dimension 1, for at least one index i we have ψi = 1, and for at least one
index j we have ψj = χℓ: then for all x ∈ It we have ψj(x)N = ψi(x)N , that is, χℓ(x)N = 1
for all x ∈ It. As χℓ has exact order ℓ− 1, this implies N ≥ ℓ− 1.
3. All theWi’s are of dimension 1 and all characters ψi are equal to each other (and in particular
are either all trivial or all equal to the cyclotomic character χℓ): in this case there are exactly
k = 2g simple Jordan-Ho¨lder quotients, and from the equality
χℓ(x)
g = det ρℓ(x) =
2g∏
i=1
ψi(x) =
{
1, if ψi = 1 for every i
χℓ(x)
2g , if ψi = χℓ for every i
we find χℓ(x)
g = 1 for all x ∈ It, which contradicts the fact that the order of χℓ is ℓ− 1 > g.
3.3 The surjectivity result
We are almost ready to prove theorem 1.3: the last ingredient we are missing are two isogeny
estimates which form the subject of lemmas 3.17 and 3.18 below. The strategy of proof of these
lemmas is a variant of the approach of [MW93a] – cf. especially lemmas 3.1 and 3.2 of op. cit.
Lemma 3.17 Let A/K be an abelian variety of dimension g with EndK(A) = Z, and let ℓ be a
prime strictly larger than b0(A/K). The Gℓ-module A[ℓ] is irreducible.
Proof. Suppose by contradiction that A[ℓ] is not irreducible and let H be a nontrivial subspace
of A[ℓ] stable under the action of Gℓ. As H is a proper Fℓ-subspace of A[ℓ] ∼= F2gℓ , its order divides
ℓ2g−1. Consider now the abelian variety A∗ = A/H , which is defined over K (since H is), and
let Ψ : A∗ → A be an isogeny of degree at most b0(A/K). Let π : A → A∗ be the canonical
projection, of degree |H | ≤ ℓ2g−1, and consider the composition Ψ ◦π : A→ A. By the hypothesis
EndK(A) = Z this composition must be multiplication by m for a certain nonzero integer m.
Comparing degrees we see that m2g = deg(Ψ) deg(π) ≤ b0(A/K)ℓ2g−1, and on the other hand
Ψ ◦ π kills H (since this is true even for π alone), so mH = 0. Every nonzero element of H
has order ℓ, so m must be divisible by ℓ, which implies ℓ2g ≤ b0(A/K)ℓ2g−1, i.e. ℓ ≤ b0(A/K),
contradiction.
Lemma 3.18 Let A/K be an abelian variety of dimension g. Suppose that EndK(A) = Z and let
ℓ be a prime strictly larger than b0(A
2/K)1/2g: the centralizer of Gℓ inside End(A[ℓ]) is Fℓ.
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Proof. Suppose by contradiction that the centralizer of Gℓ inside End(A[ℓ]) is strictly larger
than Fℓ and choose an α lying in this centralizer but not in Fℓ. Consider the abelian variety
B = A2 and the subgroup of B given by Γ =
{
(x, αx)
∣∣ x ∈ A[ℓ]}. Note that Γ is defined over K:
indeed any g ∈ Gal (K/K) sends (x, αx) to (ρℓ(g)x, ρℓ(g)αx) = (ρℓ(g)x, α(ρℓ(g)x)) ∈ Γ (since α
commutes with all of ρℓ(Gal
(
K/K
)
)). Let B∗ = B/Γ, π : B → B∗ be the natural projection, and
ψ : B∗ → B be an isogeny in the opposite direction satisfying deg(ψ) ≤ b0(A2/K).
The endomorphism ψ ◦ π of B kills Γ, and thanks to the hypothesis EndK(A) = Z it can
be represented by a matrix
(
a b
c d
)
∈ M2(EndK(A)) = M2(Z) with nonzero determinant. By
definition we must have ax + bαx = cx + dαx = 0 for every x ∈ A[ℓ]. Suppose that one among
a, b, c, d is not divisible by ℓ (and for the sake of simplicity let us assume it is b, the other cases
being analogous): then we have α(x) = −b−1ax for every x in A[ℓ], which shows that α coincides
with the multiplication by an element of Fℓ, contradiction. Therefore a, b, c, d are all divisible by
ℓ, and the degree of ψ ◦ π, which is
(
det
(
a b
c d
))2g
, is divisible by ℓ4g. On the other hand, the
degree of π is |Γ| = |A[ℓ]| = ℓ2g, so we deduce
ℓ4g ≤ deg(ψ ◦ π) = degψ · ℓ2g ≤ ℓ2gb0(A2/K),
which is against the hypothesis.
Theorem 3.19 (Theorem 1.3) Let A/K be an abelian surface with EndK(A) = Z. The equality
Gℓ∞ = GSp4(Zℓ) holds for every prime ℓ that satisfies the following three conditions:
• ℓ > b(2[K : Q], 4, 2h(A))1/4;
• there exists a place of K of characteristic ℓ at which A has semistable reduction;
• ℓ is unramified in K.
Proof. We claim that Gℓ contains Sp4(Fℓ). If this is not the case, then Gℓ is contained in one
of the maximal proper subgroups of GSp4(Fℓ) listed in theorem 3.3. Let us go through this list.
Case (1) is excluded by lemma 3.17, since ℓ > b(2[K : Q], 4, 2h(A))1/4 > b0(A/K). Suppose
next that G is contained in a maximal subgroup of type (2): then there exists a (normal) subgroup
Hℓ of Gℓ, of index at most 2, that does not act irreducibly on A[ℓ]. Consider the morphism
Gal
(
K/K
)→ Gℓ → Gℓ/Hℓ :
the fixed field of its kernel is a certain extension K ′ of K, of degree at most 2, such that
ρℓ
(
Gal
(
K ′/K ′
))
= Hℓ does not act irreducibly on A[ℓ]. Applying lemma 3.17 to A/K
′ we
find ℓ ≤ b0(A/K ′) ≤ b(2[K : Q], 4, 2h(A))1/4, contradiction.
Consider now case (3): there is a (normal) subgroup Hℓ of Gℓ, of index at most 2, and a
structure of Fℓ2 -vector space on A[ℓ], such that the action of Hℓ on A[ℓ] is compatible with the Fℓ2-
structure. As above, let K ′′ be the fixed field of ker
(
Gal
(
K/K
)→ Gℓ → Gℓ/Hℓ), and notice that
K ′′ is a (at most) quadratic extension of K such that the centralizer of ρℓ(Gal
(
K ′′/K ′′
)
) contains
a copy of Fℓ2 : this contradicts lemma 3.18, since ℓ > b(2[K : Q], 4, 2h(A))
1/4 ≥ b0(A2/K ′)1/4, so
we cannot be in case (3) either. Finally, case (4) is impossible by proposition 3.15, and case (5)
is excluded by proposition 3.16: indeed we clearly have ℓ > 3842, so proposition 3.16 implies that
|PGℓ| > 3840. It follows as claimed that Gℓ contains Sp4(Fℓ), hence Gℓ∞ contains Sp4(Zℓ) by
lemma 2.4; lemma 2.1 finally implies the desired equality Gℓ∞ = GSp4(Zℓ).
4 Type I – Real multiplication
We consider now the case of GL2-varieties, which includes abelian surfaces with real multiplication
as a special case. Recall (definition 1.1) that an abelian variety A is said to be of GL2-type when
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it is absolutely simple and R = EndK(A) is an order in a totally real number field E of degree
equal to dimA. We shall assume that the action of R is defined over K. For every ℓ we set
Oℓ = OE ⊗Z Zℓ, and if λ is a place of E we let Oλ be the completion of OE at λ. We have
Oℓ ∼=
∏
λ|ℓOλ, where the product is over the places of E dividing ℓ. An implicit convention will
always be in force, that if λ is a place of E then ℓ denotes its residual characteristic.
Definition 4.1 Following Ribet’s paper [Rib76] we say that a rational prime ℓ is good for A if it
does not divide the index [OE : R].
As [OE : R] is finite, all but finitely many primes are good for A. It is a general fact that
[OE : R] can be bounded in terms of K and h(A), cf. appendix A. We obtain from proposition
A.5 the following estimate, which enables us to assume that all the primes we work with are good:
Proposition 4.2 The index [OE : R] is bounded by b ([K : Q], dimA, h(A))dimA. In particular,
any prime strictly larger than this quantity is good.
From now on we only consider good primes that do not ramify in E – this only excludes finitely
many primes. Notice that in the case of surfaces, in view of the last proposition and of the obvious
inequality b(2[K : Q], 2 dimA, 2h(A))1/2 > b ([K : Q], dimA, h(A))2, all the primes considered in
corollary 1.5 are good for A. For any good prime ℓ we have Rℓ := R ⊗ Zℓ ∼= OE ⊗ Zℓ, and
furthermore for such primes the structure of Tℓ(A) is well understood:
Proposition 4.3 ([Rib76, Proposition 2.2.1]) If ℓ is good for A, then Tℓ(A) is a free Rℓ-module
of rank 2; equivalently, it is a free Oℓ-module of rank 2.
When ℓ is good and λ is a place of E of characteristic ℓ we put Tλ(A) = Tℓ(A) ⊗Oℓ Oλ: this
makes sense since Oℓ = R ⊗ Zℓ. The Galois action on Tℓ(A) is Oℓ-linear, and we thus obtain
canonical decompositions Tℓ(A) ∼=
∏
λ|ℓ
Tλ(A); the Oℓ-linear morphism ρℓ∞ then amounts to a
family of Oλ-linear maps
ρλ∞ : Gal
(
K/K
)→ GL(Tλ(A)) ∼= GL2 (Oλ) .
We also have isomorphisms Aut Tℓ(A) ∼= GL2(OE ⊗ Zℓ) ∼=
∏
λ|ℓGL2 (Oλ), and we regard the
ℓ-adic Galois representation on Tℓ(A) as a group morphism
ρℓ∞ : Gal
(
K/K
)→∏
λ|ℓ
GL2 (Oλ)
whose components are the ρλ∞ . It is also natural to consider λ-adic residual representations:
Definition 4.4 If λ is a place of E above a good prime ℓ that is furthermore unramified in E, we
write Gλ for the image of the residual representation modulo λ, namely the image of the map ρλ
given by the composition
Gal
(
K/K
) ρℓ∞−−−→∏
λ|ℓ
GL2 (Oλ)→ GL2 (Oλ)→ GL2 (Oλ/λ) .
The determinant of ρλ∞ is easy to describe:
Lemma 4.5 ([Rib76, Lemma 4.5.1]) For every place λ of E dividing a good prime ℓ, the function
det ρλ∞ : Gal
(
K/K
)→ O×λ
coincides with the ℓ-adic cyclotomic character χℓ : Gal
(
K/K
)→ Z×ℓ →֒ O×λ .
Observe that for a good prime ℓ the ℓ-adic representation lands in AutOℓ (Tℓ(A)). If we regard
Zℓ as being embedded in Oℓ (the latter is naturally a Zℓ-algebra), then by the previous lemma we
have detOℓ ρℓ∞(g) = χℓ(g) ∈ Z×ℓ ⊂ O×ℓ , and applying lemma 2.1 we find
Lemma 4.6 If ℓ is good and unramified in K then detOℓ : Gℓ∞ → Z×ℓ is surjective.
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4.1 The intersection Gℓ∞ ∩ SL2(Oℓ)
The key step in proving the surjectivity of the Galois representation for ℓ large enough lies in
understanding the intersection Gℓ∞ ∩ SL2(Oℓ). A remarkable simplification of the problem comes
from the fact that we only need to prove surjectivity for the residual mod-ℓ representation instead
of the full ℓ-adic system: this is made possible by the following ‘lifting’ result, analogous to lemma
2.4.
Proposition 4.7 ([Rib97, Proposition 4.2]) Let O be the ring of integers of a number field E,
λ1, λ2, . . . , λr distinct primes of O above ℓ and H a closed subgroup of SL2(Oλ1)× · · · × SL2(Oλr )
whose projection to SL2(Fλ1) × · · · × SL2(Fλr ) is surjective. If ℓ is unramified in E and ℓ ≥ 5,
then H is all of SL2(Oλ1 ) × · · · × SL2(Oλr ). Under the same assumptions on ℓ, if G is a closed
subgroup of GL2(Oλ1 )× · · · ×GL2(Oλr ) whose projection to GL2(Fλ1)× · · · ×GL2(Fλr ) contains
SL2(Fλ1)× · · · × SL2(Fλr ), then G′ = SL2(Oλ1)× · · · × SL2(Oλr ).
4.1.1 A little group theory
We briefly review the group-theoretic results we are going to use, starting with the following
sufficient criterion for a group to be a direct product:
Lemma 4.8 ([Rib76, Lemma 5.2.2]) Let S1, . . . , Sk (k > 1) be finite groups with no nontrivial
abelian quotients. Let G be a subgroup of S1 × · · · × Sk such that each projection G → Si × Sj
(1 ≤ i < j ≤ k) is surjective. Then G = S1 × · · · × Sk.
We will also need the following version of [MW93a, Lemma 5.1]; note that our formulation is
slightly different than that of [MW93a], but the same proof applies equally well.
Lemma 4.9 ([MW93a, Lemma 5.1]) Let ℓ ≥ 5 be a prime, F a finite field of characteristic ℓ, and
D =
{
(b, b′) ∈ GL2(F)×GL2(F)
∣∣ det(b) = det(b′) ∈ F×ℓ } .
Let H be a subgroup of D whose projections on the two factors GL2(F) contain SL2(F). Then
either H contains SL2(F) × SL2(F), or else there exist an isomorphism f : F2 → F2 (of F-vector
spaces), a character χ : H → {±1}, and a field automorphism σ of F such that
H ⊆ {(b, b′) ∈ GL2(F)×GL2(F) ∣∣ b′ = χ((b, b′)) σ (fbf−1)} .
Finally, we will need a description of the subgroups of GL2(Fℓβ ) for β ≥ 1:
Theorem 4.10 (Dickson, [Blo67, Theorem 3.4]) Let p be a prime number, β be a positive integer,
q = pβ be a power of p, and G be a subgroup of GL2(Fq). Then, up to conjugacy in GL2(Fq), one
of the following occurs:
1. G is cyclic;
2. G is a subgroup of the Borel group
{(
x y
0 z
) ∣∣ x, z ∈ F×q , y ∈ Fq
}
;
3. G contains (as a subgroup of index 2) a cyclic subgroup of order u, where u divides q2 − 1;
4. G contains (as a subgroup of index 2) a subgroup consisting entirely of diagonal matrices;
5a. there is an α ∈ N>0 dividing β such that G is generated by SL2(Fpα) and by a scalar matrix
V (in this case pα > 3);
5b. there exist an α dividing β, a generator ε of F×pα (as a multiplicative group), and an element
b ∈ F×
pβ
, such that G is generated by SL2(Fpα), a scalar matrix V , and the diagonal matrix
diag (b, bε); the subgroup generated by SL2(Fpα) and V is of type 5a, and has index 2 in G
(and again the inequality pα > 3 holds);
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6. G/ {± Id} is isomorphic to S4 × ZuZ , A4 × ZuZ or A5 × ZuZ , where ZuZ is identified with the
subgroup generated by a scalar matrix in GL2(Fq)/ {± Id}.
7. G is not of type (6), but G/ {± Id} contains A4 × ZuZ as a subgroup of index 2, and A4 as a
subgroup with cyclic quotient group; ZuZ is as in type (6) with u even.
Definition 4.11 In cases (5a) or (5b) the number α will be called the level of the group G.
4.1.2 Isogeny estimates
Let λ be a place of E. We write Fλ for the residue field at λ and f = [Fλ : Fℓ] for its inertia degree;
recall that we have introduced the residual representation Gλ in definition 4.4. The following two
lemmas are simple variants of lemmas 3.17 and 3.18 respectively; we give a complete argument
only for the former:
Lemma 4.12 Let ℓ be a good prime for A unramified in E, and let λ be a place of E above ℓ.
Suppose that Gλ fixes a subspace Γ of dimension 1 of Tλ(A)/λTλ(A) ∼= F2λ: then ℓ ≤ b0(A/K).
Proof. Γ is fixed by Gλ and therefore defined over K. Consider the K-variety A
∗ = A/Γ,
which comes equipped with a natural isogeny π : A ։ A∗ of degree |Γ| = |Fλ| = ℓf . Choose
a K-isogeny ψ : A∗ → A of degree b ≤ b0(A/K). The composition ψ ◦ π is an endomorphism
of A, so by hypothesis it is given by a certain e ∈ End(A) ⊆ OE . Notice now that e kills Γ,
and on the other hand the action of e on Tλ(A)/λTλ(A) is through multiplication by the class of
e in OE/λ ∼= Fλ. It follows that e reduces to 0 in Fλ, that is, e belongs to the ideal λ; hence
deg(e) = NE/Q(e)
2 (for this equality cf. [BL04], Chapter 5, Corollary 1.3) is divisible by NE/Q(λ)
2,
which is just |Fλ|2 = ℓ2f . Comparing degrees we have ℓ2f
∣∣ deg(e) = bℓf , so ℓf divides b which, in
turn, is at most b0(A/K).
Lemma 4.13 Let ℓ and λ be as in the previous lemma. If Gλ is abelian, then ℓ
2 ≤ b0
(
A2/K
)
.
The group Hℓ of the following definition is the natural candidate for the image of ρℓ, for ℓ≫ 0:
it is the largest (connected) group whose elements are simultaneously symplectic similitudes for
the Weil pairing and contained in the centralizer of the action of E.
Definition 4.14 Let ℓ be a good prime that does not ramify in E. We set
Hℓ =

(hλ)λ|ℓ ∈
∏
λ|ℓ
GL2(Fλ)
∣∣ det(hλ1) = det(hλ2) ∈ F×ℓ ∀λ1, λ2|ℓ

 ,
where the product is over the places of E that divide ℓ.
Lemma 4.15 If ℓ is a good prime unramified in E, the group Gℓ is contained in Hℓ.
Proof. The determinant of every ρλ agrees with the cyclotomic character (lemma 4.5), so any
two hλ have the same determinant.
To ease the notation we introduce the following definition:
Definition 4.16 Let A/K be an abelian variety. We set
M(A/K) := b(2[K : Q], 2 dim(A), 2h(A))1/2.
Lemma 4.17 Let ℓ be a good prime, unramified in E and strictly larger than M(A/K), and let
λ be a place of E above ℓ. Up to conjugacy in GL2(Fλ), the group Gλ contains SL2(Fℓ).
Proof. Suppose by contradiction that no GL2(Fλ)-conjugate of Gλ contains SL2(Fℓ): we shall
prove that ℓ does not exceedM(A/K). By the Dickson classification (theorem 4.10; cf. also [Ser72,
§2]) we know that the following are the only possibilities (again, up to conjugacy in GL2(Fλ)):
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(I) Gλ is contained in a Borel subgroup of GL2(Fλ): by definition, such a subgroup fixes a line,
therefore ℓ ≤ b(A/K) by lemma 4.12.
(II) Gλ is contained in the normalizer of a Cartan subgroup of GL2(Fλ): let C be this Cartan
subgroup and N its normalizer. By the Dickson classification, the index [N : C] is 2, so the
morphism
Gal
(
K/K
)→ Gλ → Gλ
Gλ ∩ C →֒
N
C
induces a quadratic character of Gal
(
K/K
)
. Let K ′ be the fixed field of the kernel of this
character: we have [K ′ : K] ≤ |N/C| = 2, and by construction the image of Gal (K ′/K ′)
in Aut (A[λ]) is contained in C. Applying lemma 4.13 to AK′ we see that ℓ is at most
b
(
A2/K ′
)1/2
.
(III) The projective image PGλ of Gλ is a finite group of order at most 60: by lemma 4.12 we
have ℓ ≤ b(A/K ′′), where K ′′ is the fixed field of the kernel of Gal (K/K)→ Gλ → PGλ.
It is clear that Gλ does not fall in any of the previous cases – and therefore contains SL2(Fℓ)
up to conjugacy – as long as ℓ is larger than max
{
b(A/K), b
(
A2/K
)1/2
, b(A2/K ′)1/2, b(A/K ′′)
}
.
It is immediate to check that this maximum does not exceed M(A/K).
Let ℓ be a good prime unramified in E, and write
∏n
i=1 λi for its factorization in OE . We now
aim to show that, for every λi lying above ℓ, the group Gλi contains SL2(Fλi).
Assume ℓ > M(A/K), so that by lemma 4.17 we know that (up to conjugacy) every Gλi
contains SL2(Fℓ). We set βi = [Fλi : Fℓ], so that ℓ
βi is the order of the residue field at λi. The
assumption that Gλi contains SL2(Fℓ) immediately implies that Gλi must be of type (5a) or (5b)
in the notation of theorem 4.10. Suppose first Gλi is of type (5a), generated (up to conjugacy)
by SL2 (Fℓαi ) and by a scalar matrix V = µ · Id. Since the determinant of any element in Gλi
lies in F×ℓ we know that detV = µ
2 is an element of Fℓ, hence V
2 ∈ GL2(Fℓ). In particular, Gλi
contains as a subgroup of index 2 the group generated by SL2 (Fℓαi ) and V
2, which is a subgroup
of GL2 (Fℓαi ). Furthermore, if Gλi is of type (5b), then it contains a group of type (5a) as a
subgroup of index 2. We thus deduce:
Lemma 4.18 Let ℓ be a good prime unramified in E, and suppose ℓ > M(A/K), so that Gλi is
of type (5a) or (5b). Let αi be the level of Gλi . There exists an extension K
′ of K, of degree at
most 4, such that – up to conjugacy – the image of ρλi : Gal
(
K ′/K ′
) → GL2 (Fλi) is contained
in GL2 (Fℓαi ).
Next we show that – at least for ℓ large enough – the level αi must necessarily equal βi, the
degree [Fλi : Fℓ]:
Lemma 4.19 Let ℓ be a good prime unramified in E. Suppose that, up to conjugacy in GL2(Fλi),
the group Gλi is contained in GL2 (Fℓαi ) for some αi < βi. Then ℓ ≤ b0(A/K)1/2.
Proof. For every place λ of E above ℓ we can identify A[λ] with F2λ, and for the factor A[λi]
the hypothesis allows us to choose coordinates in such a way that the image of ρλi is contained
GL2 (Fℓαi ). Consider now the subspace of A[ℓ] given by
Γ =

(xλ) ∈
∏
λ|ℓ
A[λ] ∼=
∏
λ|ℓ
F2λ
∣∣ xλi ∈ (Fℓαi )2 , xλ = 0 for λ 6= λi

 .
By construction, Γ is Galois-stable: indeed for any g ∈ Gal (K/K) and every (xλ) ∈ Γ we have
(ρλ(g) · xλ)λi = ρλi(g) · xλi ∈ (Fℓαi )
2
,
since both the coefficients of the vector xλi and those of the matrix ρλi(g) lie in Fℓαi . It follows
that the abelian variety A′ = A/Γ is defined over K, and there are isogenies π : A → A′ (the
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canonical projection, of degree ℓ2αi) and ψ : A′ → A (which can be chosen to be of degree at most
b0(A/K)). Notice now that the endomorphism e := ψ ◦ π ∈ OE of A kills Γ; since the action of e
on A[λi] is given by the class [e] of e in Fλi , it follows that [e] = 0, that is, e belongs to the ideal
λi. Thus we see that the degree of ψ ◦ π satisfies
ℓ2βi = NE/Q (λi)
2 ∣∣ NE/Q (e)2 ∣∣ deg (ψ ◦ π) = ℓ2αi degψ ≤ ℓ2αib0(A/K),
and therefore we have ℓ2 ≤ ℓ2(βi−αi) ≤ b0(A/K).
Combining the previous two lemmas we find
Corollary 4.20 Let ℓ > M(A/K) be a good prime unramified in E, and let λ be a place of E
above ℓ. The image of the representation ρλ : Gal
(
K/K
)→ GL2(Fλ) contains SL2(Fλ).
Proof. By lemma 4.17 we know that Gλ is of type (5a) or (5b) in the sense of theorem 4.10. Let
α be the level of Gλ and β = [Fλ : Fℓ]; it is clear that it is enough to show α = β. By lemma 4.18,
passing to an extension K ′ of K of degree at most 4 we can assume that (up to conjugacy) the
image of ρλ : Gal
(
K/K
) → AutA[λ] is contained in GL2 (Fℓα). The corollary then follows from
lemma 4.19 (applied to A/K ′) and the obvious inequality M(A/K) > b(A/K ′)1/2 ≥ b0(A/K ′)1/2.
Lemma 4.21 Let λ1, λ2 be two places of OE above the good prime ℓ. Suppose ℓ is larger than
M(A/K) and unramified in E: then the image of Gal
(
K/K
) ρλ1×ρλ2−−−−−−→ Gλ1 × Gλ2 contains
SL2(Fλ1)× SL2(Fλ2).
Proof. Let S be the image of Gℓ in Gλ1 ×Gλ2 . For the sake of simplicity write Si = SL2(Fλi)
for i = 1, 2 and set S1 = S ∩ (S1 × S2); we claim that S1 projects surjectively onto S1 and S2. To
see this, notice first that we know from corollary 4.20 that for every g1 ∈ SL2(Fλ1) there exists in
S an element of the form (g1, g2), for some g2 ∈ Gλ2 . On the other hand, we know from lemma 4.5
that det(g2) = det(g1) = 1, so (g1, g2) actually belongs to S
1, which therefore projects surjectively
onto SL2(Fλ1). By the same argument, S
1 → SL2(Fλ2) is onto as well.
The statement of the lemma is equivalent to S1 = S1 × S2. Suppose by contradiction that
this is not the case: then by Goursat’s lemma there exist normal subgroups N1, N2 (of S1, S2
respectively) and an isomorphism ϕ : S1/N1 → S2/N2 such that S1 projects to the graph of ϕ in
S1/N1 × S2/N2. Comparing the orders of S1/N1 and S2/N2 (or, more precisely, their valuations
at ℓ) easily gives Fλ1
∼= Fλ2 . We now go back to working directly with the group S. By lemma
4.9, which is applicable since the characteristic of Fλ1
∼= Fλ2 is ℓ ≥ 5, there exist an isomorphism
f : F2λ1 → F2λ2 , a character χ : S → {±1}, and an automorphism σ of Fλ1 = Fλ2 such that
g2 = χ((g1, g2))σ
(
fg1f
−1
)
for all (g1, g2) in S. Assume first that χ is the trivial character: then
the subspace
Γ :=

(xλ) ∈
∏
λ|ℓ
F2λ
∼=
∏
λ|ℓ
A[λ]
∣∣ xλ2 = σ(fxλ1 ), xλ = 0 for λ 6= λ1, λ2


is Galois invariant, so the abelian variety A∗ := A/Γ is defined over K. Let π : A → A∗ be the
canonical projection and ψ : A∗ → A be an isogeny of degree at most b0(A/K). As in the previous
lemma, we see that since e := ψ ◦ π ∈ OE kills Γ we must have e ∈ λ1 and e ∈ λ2. Thus if β
denotes the common degree [Fλ1 : Fℓ] = [Fλ2 : Fℓ] we have
ℓ4β = NE/Q (λ1λ2)
2 ≤ deg e = deg (ψ ◦ π) = ℓ2β degψ ≤ ℓ2βb0(A/K),
whence ℓ ≤ b0(A/K)1/2 < M(A/K), contradiction. If, on the other hand, χ is not the trivial
character, then the kernel of Gal
(
K/K
) → Gℓ → S χ−→ {±1} defines a quadratic extension K ′
of K, and repeating the same argument over K ′ we find ℓ ≤ b0(A/K; 2)1/2 < M(A/K), which is
again a contradiction.
We are now ready to prove theorem 1.4, whose statement we reproduce here for the reader’s
convenience:
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Theorem 4.22 (Theorem 1.4) Let A/K be an abelian variety of dimension g. Suppose that
EndK(A) is an order in a totally real field E of degree g over Q (that is, A is of GL2-type), and
that all the endomorphisms of A are defined over K. Let ℓ be a prime unramified both in K and
in E and strictly larger than max
{
b(A/K)g, b(2[K : Q], 2 dim(A), 2h(A))1/2
}
: then we have
Gℓ∞ =
{
x ∈ GL2 (OE ⊗ Zℓ)
∣∣ detOE x ∈ Z×ℓ } .
Proof. Notice first that ℓ is a good prime by proposition 4.2. By lemma 4.21, the inequality
ℓ > M(A/K) guarantees that for every pair of places λ1, λ2 of E lying above ℓ the image of
Gal
(
K/K
) ρλ1×ρλ2−−−−−−→ GL2(Fλ1)×GL2(Fλ2)
contains SL2(Fλ1) × SL2(Fλ2). Let S := Gℓ ∩
∏
λ|ℓ SL2(Fλ). By lemma 4.15 and what we just
remarked we see that for every pair λ1, λ2 of places of E dividing ℓ the group S projects surjectively
onto SL2(Fλ1)×SL2(Fλ2). Clearly we have ℓ ≥ 5, so a group of the form SL2(Fλ) has no nontrivial
abelian quotients: lemma 4.8 then implies S =
∏
λ|ℓ SL2(Fλ), and by proposition 4.7 the group
Gℓ∞ contains SL2(OE ⊗ Zℓ). Since furthermore the map detOE⊗Zℓ : Gℓ∞ → Z×ℓ is surjective by
lemma 4.6 we conclude that Gℓ∞ contains
{
x ∈ GL2 (OE ⊗ Zℓ)
∣∣ detOE x ∈ Z×ℓ }. The opposite
inclusion is proved as in lemma 4.15, so these two groups are equal as claimed.
Remark 4.23 It is not hard to show that when g is large enough we have M(A/K) < b(A/K)g;
in fact, g ≥ 33 suffices.
The case of abelian surfaces follows at once:
Corollary 4.24 (Corollary 1.5) Suppose that R = EndK(A) is an order in a real quadratic field
E and that all the endomorphisms of A are defined over K. Let ℓ be a prime unramified both in
K and in E and strictly larger than b(2[K : Q], 4, 2h(A))1/2: then we have
Gℓ∞ =
{
x ∈ GL2 (OE ⊗ Zℓ)
∣∣ detOE x ∈ Z×ℓ } .
Proof. Immediate from the previous theorem and the (easy) inequality M(A/K) > b(A/K)2.
5 Type II – Quaternionic multiplication
In this section we establish the surjectivity result when R = EndK(A) is an order in an indefinite
(division) quaternion algebra D over Q, and the action of R is defined over K. We let ∆ be the
discriminant of R, and we fix a maximal order OD of D which contains R. For the whole section
we only consider primes ℓ strictly larger than b(2[K : Q], 4, 2h(A))1/2.
Remark 5.1 We know from proposition A.5 that the index [OD : R] does not exceed b(A/K)4. It
is easy to check that b(A/K)4 < b(2[K : Q], 4, 2h(A))1/2, and thus for all the primes ℓ we consider
we have ℓ ∤ [OD : R].
We start by recalling a result from [BGK06], which we state only in the special case we need
(abelian surfaces with quaternionic multiplication):
Theorem 5.2 ([BGK06, Theorem 5.4]) Let OD be a maximal order of EndK(A) containing R.
Let ℓ be a prime dividing neither ∆ nor the index [OD : R]. Suppose that ℓ does not divide the
degree of a fixed K-polarization of A. There exists a Gal
(
K/K
)
-equivariant isomorphism
Tℓ(A) ∼=Wℓ∞ ⊕Wℓ∞ ,
where Wℓ∞ is a simple Gal
(
K/K
)
-module, free of rank 2 over Zℓ, equipped with a nondegenerate,
Gal
(
K/K
)
-equivariant bilinear form
〈·, ·〉QM :Wℓ∞ ×Wℓ∞ → Zℓ(1).
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Notation. We write Wℓ for Wℓ∞/ℓWℓ∞ . It is a Gal
(
K/K
)
-module, free of rank 2 over Fℓ.
Theorem 5.2 says in particular that TℓA decomposes as the direct sum of two isomorphic
2-dimensional representations. Thus choosing bases for Wℓ∞ and Wℓ we have:
Lemma 5.3 If ℓ does not divide ∆ nor [OD : R], then Gℓ can be identified with a subgroup of
GL2(Fℓ) acting on A[ℓ] ∼= F4ℓ ∼= M2(Fℓ) on the right. Similarly, Gℓ∞ can be identified with a
subgroup of GL2(Zℓ) acting on Tℓ(A) ∼= Z4ℓ ∼= M2(Zℓ) on the right.
From now on we use the description of Gℓ given by the previous lemma, namely we consider
it as a subgroup of GL2(Fℓ) acting on F
4
ℓ as two copies of the standard representation.
Lemma 5.4 Let ℓ be a prime which divides neither ∆ nor [OD : R]. Under the above identification
Tℓ(A) ∼= M2(Zℓ), the action of R⊗Zℓ ∼= M2(Zℓ) on Tℓ(A) is the natural multiplication of matrices
(with R⊗ Zℓ acting on the left).
Proof. Notice first that R ⊗ Zℓ ∼= M2(Zℓ) since ℓ ∤ ∆. Next by [Chi92, Theorem 7.3] we know
that Gℓ∞ is open in GL2(Zℓ); in particular, Gℓ∞ is Zariski-dense in M2(Zℓ). Let ϕ be any element
of R⊗Zℓ: then Gℓ∞ commutes with ϕ, and since the property of commuting with a fixed element
is Zariski-closed we see that ϕ commutes with any element of M2(Zℓ) (acting on Tℓ(A) ∼= M2(Zℓ)
by right multiplication). Since this holds for every ϕ ∈ R ⊗ Zℓ, it follows that the left action of
R⊗Zℓ on Tℓ(A) commutes with the right action of M2(Zℓ). Since Tℓ(A) is a free one-dimensional
right module over M2(Zℓ), this implies that ϕ acts on Tℓ(A) as left multiplication by an element
of M2(Zℓ).
Lemma 5.5 Suppose ℓ divides neither ∆ nor [OD : R] and is larger than b(2[K : Q], 4, 2h(A))1/2.
The group Gℓ contains SL2(Fℓ) under the above identification.
Proof. This is a very minor variant of lemmas 4.12 and 4.13, so we only sketch the proof. If
Gℓ does not contain SL2(Fℓ), then Dickson’s classification (theorem 4.10) implies that one of the
following holds:
• Gℓ is contained in a Borel subgroup: we can find a line Γ ⊆ Wℓ that is stable under the
action of Gℓ. Using the previous lemma and applying an obvious variant of the argument of
lemma 4.12 to the isogeny A→ A
Γ⊕ Γ we find ℓ
2 ≤ b0(A/K) ≤ b(A/K).
• The projective image of Gℓ has cardinality at most 60: upon replacement of K with an
extension of degree at most 60 we are back to the previous case, hence we find that the
inequality ℓ2 ≤ b(60[K : Q], 2, h(A)) holds.
• Up to replacing K with an extension K ′ of degree at most 2, Gℓ is commutative, but does
not entirely consist of scalars (this case being covered by the first one). We can choose an
α ∈ Gℓ which is not a scalar, and apply a variant the argument of lemma 4.13 to the isogeny
given by the natural projection from A×A to its quotient by the subgroup{
(x1, y1, x2, y2) ∈ Wℓ ⊕Wℓ ⊕Wℓ ⊕Wℓ ∼= A[ℓ]×A[ℓ]
∣∣ x2 = αx1, y1 = y2 = 0} .
The conclusion is now ℓ2 ≤ b0(A2/K ′) ≤ b(2[K : Q], 4, 2h(A)).
Comparing the various bounds thus obtained we see that b(2[K : Q], 4, 2h(A))1/2 is much larger
than any of the others, thus establishing the lemma.
Lemma 5.6 Suppose ℓ is a prime that divides neither ∆ nor [OD : R], so that R⊗Zℓ ∼= M2(Zℓ).
Suppose furthermore that ℓ does not divide the degree of a minimal K-polarization of A. For
every g ∈ Gal (K/K) the determinant of ρℓ(g), thought of as an element of GL2(Zℓ) (and not of
GSp(Tℓ(A))), is χℓ(g).
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Proof. This is the same argument as for elliptic curves. If we fix a basis e1, e2 of Wℓ∞ and
write
(
a b
c d
)
for the matrix representing the action of ρℓ∞(g) in this basis, we obtain
χℓ(g)〈e1, e2〉QM = 〈ρℓ∞(g)e1, ρℓ∞(g)e2〉QM
= 〈ae1 + ce2, be1 + de2〉QM
= ad〈e1, e2〉+ bc〈e2, e1〉QM
= (ad− bc)〈e1, e2〉QM ,
and since 〈e1, e2〉QM does not vanish we obtain χℓ(g) = (ad− bc) = det ρℓ(g) as claimed.
Theorem 5.7 (Theorem 1.7) Let A/K be an abelian surface such that R = EndK(A) is an order
in an indefinite quaternion division algebra over Q, and let ∆ be the discriminant of R. Suppose
that all the endomorphisms of A are defined over K. If ℓ is larger than b(2[K : Q], 4, 2h(A))1/2,
does not divide ∆, and is unramified in K, then the equality Gℓ∞ = (R⊗ Zℓ)× holds.
Proof. As b(2[K : Q], 4, 2h(A))1/2 > b(A/K), by [GR14a, The´ore`me 1] we see that ℓ does
not divide the degree of a minimal polarization of A. Combining this fact with remark 5.1, we
see from theorem 5.2 that there exist well-defined modules Wℓ∞ ,Wℓ and a nondegenerate bilinear
form 〈·, ·〉QM on Wℓ∞ .
By lemma 5.5 the inequality imposed on ℓ guarantees that Gℓ contains SL2(Fℓ). It follows that
Gℓ∞ is a closed subgroup of (R ⊗Z Zℓ)× ∼= GL2(Zℓ) whose projection modulo ℓ contains SL2(Fℓ).
Since we certainly have ℓ ≥ 5, it follows from lemma 2.4 that Gℓ∞ contains SL2(Zℓ). On the other
hand, the previous lemma and the condition that ℓ is unramified in K ensure that det : Gℓ∞ → Z×ℓ
is onto, so Gℓ∞ = GL2(Zℓ) as claimed.
Let us make a few closing remarks on this case. It is a general philosophy that – at the level of
Galois representations – an abelian variety of dimension 2g with quaternionic multiplication by an
algebraD (whose center is the number field L) should behave like two copies of an abelian variety of
dimension g and endomorphism algebra L. The proof we have just given shows that this philosophy
is very much correct in the case of surfaces, and indeed from lemma 5.5 onward this is virtually the
same proof as for elliptic curves (cf. for example [MW93a]). Even more precisely, write the bound
we obtained for a QM surface in the form b(2[K : Q], 2 dim(A), 2h(A))1/2; for an elliptic curve E/K
without (potential) complex multiplication, the Galois representation is surjective onto GL2(Zℓ)
for every prime ℓ that does not ramify in K and is larger than b(2[K : Q], 2 dimE, 2h(E))1/2
(cf. [MW93a]), which is formally the same expression. On the other hand, the actual numerical
dependence of the present result on the height ofA is much worse than the analogous one for elliptic
curves, due to the strong dependence of the function b([K : Q], dimA, h(A)) on the parameter
dimA.
Remark 5.8 In the light of this discussion, it is reasonable to think that the methods of [Lom14]
might be generalized to give results on the index of the adelic representation attached to A.
We do not attempt this here, for doing so would entail giving a classification of the integral Lie
subalgebras of any Zℓ-form of sl2: indeed, these algebras appear when we try to study the precise
structure of Gℓ∞ for those ℓ that divide ∆. Such a classification task seems rather daunting, given
that the easier problem of studying the Qℓ-forms of sl2 is already highly nontrivial.
A The index of the endomorphism ring
Let A/K be an absolutely simple abelian variety. Its endomorphism ring R = EndK(A) is an
order in a finite-dimensional division algebra D over Q, and we are interested in giving a bound
on the index of R in any maximal order OD containing it. Note that when D is a field there is
a unique maximal order, namely its ring of integers, but when D is not commutative the index
[OD : R] might a priori depend on the choice of OD. The following proposition shows that this is
not the case:
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Proposition A.1 Let L be a number field, D a central simple algebra over L, and R an order of
D. Let OD be a maximal order in D containing R. The index [OD : R] does not depend on the
choice of OD.
Proof. Note first that any maximal order of D is stable under multiplication by OL (indeed
if S is a subring of D then the OL-module generated by S is again a subring of D), so the order
R′ generated by R and OL is again contained in OD. We have [OD : R] = [OD : R′][R′ : R],
and since [R′ : R] clearly does not depend on OD we can assume that R = R′, i.e. that R is an
OL-order. Under this additional assumption we have
OD/R ∼=
⊕
v finite place of L
OD ⊗OL OLv
R⊗OL OLv
,
so that [OD : R] =
∏
v finite place of L[OD⊗OLv : Rv], where Rv = R⊗OLOLv. The orderOD⊗OLv
is maximal in OD ⊗ Lv ([Rei03, Corollary 11.2 and Theorem 11.5]), so it is enough to prove that
at every finite place the index [OD ⊗OLv : Rv] is independent of the choice of OD. We are thus
reduced to the complete local case: by Theorem 17.3 of [Rei03] all maximal orders in OD ⊗ Lv
are conjugated. We now write the index [OD ⊗ OLv : Rv] as the ratio
covol(Rv)
covol(OD ⊗OLv)
, where
the covolume is taken with respect to any Haar measure (on OD ⊗ Lv): as the Haar measure is
invariant under conjugation, this quantity does not depend on OD.
In order to simplify matters it is convenient to assume that all the endomorphisms of A are
defined over K. This condition is completely harmless, since it can be achieved at the expenses
of a controllable extension of K:
Lemma A.2 ([Sil92, Theorem 4.1]) There exists a number field K ′, with [K ′ : K] bounded only
in terms of g = dim(A), such that all the endomorphisms of A are defined over K ′. We can take
[K ′ : K] ≤ 2 · (9g)2g.
From now on we will therefore assume that all the endomorphisms of A are defined over K.
In order to get estimates in the case of noncommutative endomorphism algebras we will need the
following lemma, which is essentially [Wil98, Proposition 2.5.4]: even though the latter was stated
only for commutative endormorphism rings, the proof works equally well in the general case.
Lemma A.3 ([Wil98, Proposition 2.5.4]) Let D be a division algebra, R ⊆ S be orders in D and
A/K be an abelian variety with EndK(A) = R. There exists an abelian variety B/K, isogenous
to A over K, such that EndK(B) ⊇ S.
Corollary A.4 Let A/K be an abelian variety with endomorphism ring R. Write D = R ⊗ Q,
and let OD be any maximal order of D containing R. Suppose that all the endomorphisms of A are
defined over K. There exists an abelian variety A′/K and two isogenies ε1 : A→ A′, ε2 : A′ → A,
defined over K, such that EndK(A
′) = OD and max {deg(ε1), deg(ε2)} ≤ b(A/K).
Proof. Lemma A.3 shows the existence of a K-variety A′ having OD as its endomorphism
ring, so the claim follows from [GR14a, Theorem 1.4] (which is a symmetric version of theorem
2.2, bounding the degrees of minimal isogenies both from A to A′ and from A′ to A).
We can now deduce the desired bound on [OD : R]:
Proposition A.5 The inequality [OD : R] ≤ b(A/K)dimQ(D) holds.
Proof. Let A′, ε1, ε2 be as in the above corollary. Consider the following linear map:
ϕ : EndK(A
′) → EndK(A) →֒ EndK(A′)
e 7→ ε2 ◦ e ◦ ε1,
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where the second embedding is given by the fact that R = EndK(A) is an order in D and
EndK(A
′) = OD is a maximal order containing R. Note that EndK(A) is endowed with a positive-
definite quadratic form given by the degree. We consider both EndK(A) and EndK(A
′) as lattices
sitting inside DR = EndK(A
′) ⊗Z R, and observe that the degree map extends naturally to a
positive-definite quadratic form onDR. This makesDR into an Euclidean space, which in particular
comes equipped with a natural (Lebesgue) measure. Denote by r the R-dimension of DR, which
is also the dimension of D as a Q-vector space. Since the equality deg(e1 ◦ e2) = deg(e1) · deg(e2)
holds for any pair of isogenies between abelian varieties, we have
deg(ϕ(e)) = deg(ε2 ◦ e ◦ ε1) = deg(ε1) deg(ε2) deg(e) ≤ b(A/K)2 deg(e).
Extend ϕ by linearity to an endomorphism of DR (which we still denote by ϕ) and fix a deg-
orthonormal basis γ1, . . . , γr of DR. By construction the inclusion ϕ(OD) ⊆ R holds, so we have
the inequality
[OD : R] = covol(R)
covol(OD) ≤
covol (ϕ(OD))
covol(OD) =
det(ϕ) covol(OD)
covol(OD) = det(ϕ).
Write ϕ(γi) =
r∑
j=1
aijγj with aij ∈ R for the matrix representing ϕ in the basis of the γj . Let
λ(·, ·) be the bilinear form associated with deg. Using the inequality deg(ϕ(e)) ≤ b(A/K)2 deg(e)
we deduce
deg

∑
j
aijγj

 = deg(ϕ(γi)) ≤ b(A/K)2 deg(γi) = b(A/K)2 ∀i = 1, . . . , r,
so
b(A/K)2 ≥ λ

∑
j
aijγj ,
∑
k
aikγk

 =∑
j,k
aijaikλ(γj , γk) =
∑
j
a2ij ∀i = 1, . . . , r :
equivalently, the L2-norm of each row of the matrix (aij) is bounded by b(A/K). Hadamard’s
inequality then gives
[OD : R] ≤ det(ϕ) ≤
r∏
i=1
‖ai‖L2 ≤ b(A/K)r,
which is the desired estimate.
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